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An absolute retract is a graph (without loops) for which every isometric 
embedding into another graph with the same chromatic number is a coretraction. 
Absolute retracts of graphs can be regarded as the injective objects of a suitable 
category: the objects are coloured spaces with integer metrics (such as coloured 
graphs) and the morphisms are non-expansive mappings preserving colours. 
Hitherto only bipartite absolute retracts were known to admit efficient characteriza- 
tions. In this paper several characterizations are established by which n-chromatic 
absolute retracts can be recognized in polynomial time. These procedures either 
directly test the solvability of certain systems of distance inequalities under colour 
constraints or recursively operate on neighbourhood lists and dismantle the graph 
vertex by vertex. 0 1991 Academic Press, Inc. 
INTRODUCTION 
Retraction is a classical notion, belonging to the realm of category 
theory. Retracts crop up in a variety of situations, for instance, in connec- 
tion with fixed point problems in topology (see Borsuk [4]), and later on 
in order theory (see Rival [ 131) and the theory of generalized metric 
spaces sensu Jawhari et al. [9]. In graph theory retracts were first studied 
by Hell [6], mainly for bipartite graphs (cf. [ 71) and planar graphs 
(cf. @I). 
To be more precise, here are the basic graph-theoretic notions: a retrac- 
tion f : H + G from a graph H to a subgraph G is an idempotent edge- 
preserving mapping; its image G is called a retract of H. In general, it is 
hard to decide whether a given subgraph G of a graph H is a retract of H. 
Two necessary conditions are the following : in order to qualify as a 
retract, G must be isometric and have the same chromatic number as H, 
by an isometric subgraph one means a subgraph in which the distance 
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between any two vertices is the same as in the supergraph. The two condi- 
tions are not always sufficient. For some graphs G, however, they are-and 
such graphs are called absolute retracts. So, an n-chromatic graph G is an 
absolute retract if G is a retract of every n-chromatic graph in which G 
embeds isometrically. For more information see [lo]; for absolute retracts 
in related categories, see [3, 5,9]. 
What do we know about n-chromatic absolute retracts? There is a 
fundamental recursive description of such graphs, due to Pesch and 
Poguntke [ 121. Unfortunately, this does not yet provide us with a recogni- 
tion algorithm whose worst case complexity is polynomially bounded. But 
one would expect that polynomial time algorithms exist since at least the 
bipartite case is completely settled (see Bandelt et al. [2], and cf. [l] for 
a particular subclass). Further confidence we draw from analogous results 
for absolute retracts of (uncoloured) reflexive graphs (see [ 31); in fact, 
there is a close connection between n-chromatic absolute retracts and 
reflexive absolute retracts (see Pesch [ 111). Now, our line of attack is as 
follows. In the next section we recall the Pesch and Poguntke result 
(Theorem 0) and give some additional information on retracts. All charac- 
terizations of n-chromatic absolute retracts assume that the graphs under 
consideration are endowed with fixed n-colourings. This constitutes no 
restriction when dealing with retracts of uncoloured graphs since the (up to 
permutation of colours) unique n-colouring of an n-chromatic absolute 
retract can readily be determined (Colouring Algorithm). In the subsequent 
section we provide the convexity and Helly type conditions that eventually 
lead to eflicient recognition procedures (Theorem 1); there are several ways 
to arrive at somewhat minimal sets of requirements (Theorems 2 and 3). In 
the final section we investigate to which extent absolute retracts are charac- 
terized by properties of the neighbourhoods of edges. It turns out that one 
only has to require in addition that the maximal bipartite subgraphs 
induced by each pair of colours can be dismantled in a certain way 
(Theorem 4). Using this we then establish an efficient vertex elimination 
scheme for n-chromatic absolute retracts (Theorems 5 and 6). 
All graphs in this paper are finite, connected, and without loops. 
BASIC FACTS 
Essentially, we follow the notation of [ 121. Here complete graphs are 
briefly called simplices. The smallest n-chromatic absolute retract is the 
n-simplex, i.e., the complete graph K,; its vertices are denoted by the num- 
bers 1, 2, . . . . n. By an n-colouring of G we mean an edge-preserving mapping 
from G onto K,,. Assume that G is a retract of some n-chromatic graph H. 
If G is an absolute retract, then there even exists a colour-preserving retrac- 
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tion from H to G; see [ 12, Corollary 3.61. This fact, for instance, implies 
that all possible colour combinations for shortest paths joining two vertices 
u and u actually occur in an absolute retract. For, let P be any shortest 
path of length d,(u, u) joining u and u outside G and be coloured by some 
colours out of 1, . . . . n. The union of P and G is an n-chromatic isometric 
extension H of G. Then the guaranteed colour-preserving retraction from H 
to G provides us with a copy of the coloured path P within G. Moreover, 
we have the following fact. 
Remark. Every n-chromatic absolute retract G is (n - 1)-connected. 
To see this, consider any two non-adjacent vertices u and u. Let c be an 
n-colouring of G, where n > 3. We claim that there are n - 1 paths from u 
to u, intersecting only in their end vertices. First assume that u and u are 
at distance 2. Certainly there are n - 1 common neighbours of u and u 
whenever u and v have the same colour. If c(u) # c(u), then still there are 
n - 2 common neighbours. By a similar argument we can find a path U, x, 
y, v in G such that c(x) = c(u) and c(y) = c(u). So assume that 
k = d,(u, v) 2 3 and c(u) = n, say. Then, for each i = 1, . . . . n - 1, there exists 
a path u, XI”, xy’,..., x~I i, uinGsuchthatc(xi”)=iand,for2<j<k-1, 
c(q) = n 
if c(v) = i+j- 1 modulo (n - l), 
i+j- 1 modulo (n - 1) otherwise. 
Clearly, the inner parts of these paths are pairwise disjoint, thus proving 
the claim. 1 
The diameter of a graph G is the maximum distance in G. Any vertex v 
which is at diameter distance to some other vertex is called a diametrical 
vertex. The neighbourhood N&U) of a vertex u in G consists of all vertices 
of G which are adjacent to u. More generally, the kth neighbourhood of u 
in G is defined for k 2 0 as the set 
N;(u) = {v E V(G) 1 d,(u, u) = k}, 
where V(G) denotes the vertex set of G. A vertex v of G satisfying 
N&u) s NJw) for some other vertex w is called embeddable into w; thus, 
v is embeddable if and only if the vertex-deleted subgraph G - v is a retract 
of G. If G is an n-chromatic absolute retract, then w has the same colour 
as v, and G-v is also an n-chromatic absolute retract since retracts of 
absolute retracts are again such (cf. [6, 123). 
Combining Proposition 2.2 and Corollary 3.7 of [ 121 one obtains the 
following fundamental recursion. 
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THEOREM 0 (Pesch and Poguntke [ 12 3). A graph G with an n-colouring 
c: G -+ K,, (n 2 3) is an n-chromatic absolute retract if and only $ every 
diametrical vertex v either is adjacent to all vertices u with c(u) # c(v), or is 
embeddable such that the vertex-deleted subgraph G - v is an n-chromatic 
absolute retract. 
This theorem is also true for n = 2. Nevertheless, we do not include this 
case in the theorems because (though being fairly simple) it usually 
requires some extra reasoning and follows from the results of [2] anyway; 
all of our results below, except for Theorem 4, hold for n = 2, too. 
An embeddable vertex v of an absolute retract G need not be diametrical. 
For instance, whenever u and v are vertices of G with d&u, v) 2 3 such that 
no shortest path from u to another vertex w passes through v, then v is an 
embeddable vertex (see [12]). Using this fact, one can derive from 
Theorem 0 that all disks in G are absolute retracts. The disk with radius 
r B 1 and centre u in G is the union of all kth neighbourhoods of u, where 
k < r, that is, 
D,(u) := {VE V(G)(do(u, v)<r}. 
More generally, for a simplex S in G, the union 
is the disk with radius r and centre S. Disks with radius 1 are briefly called 
unit disks. 
LEMMA. Every disk D,(S) in an n-chromatic absolute retract G, having 
radius r > 1 and a simplex S as its centre, is a retract of G and hence is an 
n-chromatic absolute retract. 
Proof Let c : G --, K, be an n-colouring of G. First assume that r > 2. 
Let v be a vertex of G at maximal distance to some vertex u of S. If D,(S) 
does not contain all of G, then do(u, v) 2 3 and so, by [ 12, Corollary 3.33, 
v is an embeddable vertex of G. Therefore, G - v is a retract of G containing 
D,(S). Hence an obvious induction completes the argument. 
Finally, let r = 1. If d&v, w) < 2 for all v, w E D,(S), then, as G is an 
absolute retract, there exists an n-simplex K in G such that every vertex of 
DI(S) is adjacent to all but one vertex of K. Then K must be contained in 
DI(S), proving that Dl(S) is an n-chromatic absolute retract. Certainly, 
DI(S) is isometric in G and hence is a retract of G. Therefore, we can 
assume that the graph DI(S) has diameter 3. Let u, w be a pair of diametri- 
cal vertices in D,(S), and let t be a neighbour of v in S and u be one of 
w. Suppose that v and w have a common neighbour x in G. Then, as G is 
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an absolute retract, we can find a common neighbour of u, w, and t or u 
with colour c(x), whence u and w have a common neighbour in Di(S), 
contrary to the assumption. Therefore, Di(S) is isometric in G. Now, as 
d&u, w) 2 3, there exists an embeddable vertex z of G with d,(w, z) = 
d,(u, w) + d,(u, z); see [12, Lemma 3.21. If u fz, then d,(w, z)>4 and 
thus the retract G-z contains Di(S). We may therefore assume that every 
diametrical vertex u of Di(S) is an embeddable vertex of G. Then u is also 
an embeddable vertex of D,(S). Since Di(S) - u is the unit disk with centre 
S in the retract G-u, we conclude, by a simple induction, that Di(S) - u 
is an n-chromatic absolute retract. From Theorem 0 we infer that Di(S) is 
an n-chromatic absolute retract. Hence D,(S), being isometric in G, is a 
retract of G. 1 
Recall from [ 121 that every n-chromatic absolute retract G is uniquely 
n-colourable; i.e., up to an automorphism of K, there is a unique edge- 
preserving mapping from G onto K,. This is easily seen by induction on the 
number of vertices: in the induction step remove an embeddable vertex; its 
colour is forced by the (n - 1)-simplex in its neighbourhood. 
Now, assume that a given graph G is not yet endowed with an 
n-colouring. Well, then we must first find such a colouring in order to test 
whether G is an absolute retract. This can be achieved in polynomial time 
if G qualifies as an absolute retract. If, however, some condition in the 
algorithm below is not met, then we can already conclude that the input 
graph is not an absolute retract. 
COLOURING ALGORITHM. Let G be a graph given by its list of 
neighbourhoods. 
Step 1. Pick a vertex u and choose any simplex K containing u which 
is maximal with respect to inclusion. 
Step 2. Let n=IKI and let c:K + K, be any n-colouring. For each 
u E K- U, colour the common neighbours of the vertices of K- u with c(u). 
Then let L be the set of vertices coloured so far. For each neighbour u of 
u not in L, there is a unique colour i such that u does not have a neighbour 
in L with colour i (otherwise, G is not an absolute retract). Assign 
c(u) : = i. If the unit disk D,(U) includes all of G, then go to Step 5. 
Step 3. For each vertex u in N:(u), there is a unique colour i, not 
occurring in NJu) nN,(u) or in (u} u (N,(u)nN,(u)) (otherwise, G is 
not an absolute retract). Assign c(u) : = i. If the disk D2(u) includes all of 
G, then go to Step 5, otherwise assign k : = 3. 
Step 4. For each vertex u in N:(u), there is a unique colour i not 
occurring in N,(u)n N:-‘(U) (otherwise, G is not an absolute retract). 
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Assign c(v) : = i. If Dk(#) does not yet contain all of G, then assign 
k : = k + 1 and start Step 4 again. 
Step 5. If c(u) = C(D) for some edge uu, then G is not an absolute 
retract. Otherwise, c is an n-colouring of G, and G is n-chromatic. 
To verify the Colouring Algorithm, assume that G is an n-chromatic 
absolute retract. Then every simplex can be extended to some n-simplex K. 
For any UE K the unit disk D,(U) is an n-chromatic absolute retract of 
diameter at most 2. Hence there exists an n-simplex K’ in D,(U) such that 
every vertex in D,(U) is adjacent to all but one vertex of K’. Then the set 
L described in Step 2 contains K’, whence every vertex in NG(u) - L has 
neighbours in L of all the remaining colours. As to Step 3, observe that, for 
every vertex v in N:(u), the intersection NG(a) r\ N&U) contains an (n - l)- 
simplex if c(u) = c(u), and an (n - 2)-simplex if c(u) # c(u). Finally, if u is a 
vertex of G with d,(u, u) > 3, then, for each colour i # c(v), there exists a 
neighbour w of u with colour i on a shortest path from u to o. So, the 
output function c is indeed an n-colouring of G. 1 
The algorithm requires at most O(p2) time, where p is the number of 
vertices of G. 
CONVEXITY AND HELLY TYPE CONDITIONS 
We are now going to characterize n-chromatic absolute retracts by some 
kind of hyperconvexity property for coloured metric spaces; see part (ii) of 
Theorem 1 below. This is, of course, analogous to the situation for injective 
generalized metric spaces sensu Jawhari et al. [9]. Roughly speaking, 
hyperconvexity amounts to convexity plus Helly property. In this context, 
convexity requires that for each pair U, v of vertices there exists a vertex .Y 
with prescribed colour i and within a given (feasible) distance to u and to 
v; see the second and third requirements in part (iii) of Theorem 1. The 
Helly property refers to the collection of coloured disks, namely, whenever 
each pair from a disk family intersects in a certain colour i, then so does 
the whole family. Here “intersection in colour i” is a shorthand for “the 
intersection contains a vertex with colour i.” 
THEOREM 1. For a graph G with n-colouring c: G + K,, (n 2 3), the 
following conditions are equivalent. 
(i) G is an n-chromatic absolute retract. 
(ii) For each colour i and any vertices u,, . . . . u, (m > 2) and any 
positive integers rl , . . . . rm satisfying ri 2 2 whenever c(uj) = i, there exists a 
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vertex x with c(x) = i and do(uj, x) < rj for all j whenever the inequalities 
d,(uj, uk) < rj + rk hold for all 1 d j, k < m, j # k. 
(iii) For each colour i, any family of disks in G intersects in colour i 
whenever each pair of them does. Every simplex in G extends to an 
n-simplex, and for each colour i and any two non-adjacent vertices u and v 
such that c(v) # i and either c(u) # i or d,(u, v) 2 3, there exists a neighbour 
x of v on a shortest path from v to u such that c(x) = i. 
(iv) For any two vertices u and v at distance k>2 such that either 
c(u) # c(v) or k > 3, there exists a vertex x with c(x) = c(v) and 
d,(u, x) Q k - 1 such that x is adjacent to all neighbours w of v with 
d,(u, w) < k. 
ProoJ If G has n vertices, then each condition is equivalent to the 
requirement that G be complete. Now, we proceed by induction on the 
number of vertices. Assume the equivalence of (i) through (iv) for all 
graphs with fewer vertices than G. 
(i) implies (ii). Consider any colour i and any m vertices ul, . . . . U, 
and positive integers rl, . . . . r,,, satisfying the conditions of (ii). Now, extend 
G to a graph H as follows : add a new vertex y, and for each 1 d j< m, a 
new path of length rj between y and uj. Assign colour i to y, and then 
extend the colouring c to all of H in any admissible way. Then G is an 
isometric subgraph of the n-chromatic graph H. Since G is an absolute 
retract, there exists a colour-preserving retraction f from H to G. 
Obviously, the vertex x : = f(y) has colour i and satisfies all distance 
inequalities of (ii). 
(ii) implies (iii). Consider a family of m pairwise in colour i inter- 
secting disks with centres uj and radii rj, 1 <j d m. Then d,(u,, uk) d rj + rk 
for all 1 <j, k < m. If some rj equals 0, then x : = uj is the required vertex. 
The same conclusion holds when rj = 1 and c(uj) = i. Therefore, we may 
assume that rj 2 2 whenever c(uj) = i. Hence the desired vertex x is guaran- 
teed by (ii). 
Next we show that every m-simplex K with vertices ul, . . . . u,, where 
2 < m < n, extends to an n-simplex in G. Put rj = 1 for each j < m, and let 
i be any colour from K, with c(u,) # i for all j. Then condition (ii) provides 
us with a common neighbour x of ul, . . . . u,, whence K extends to an 
(m + l)-simplex in G. Continuing this way, one eventually arrives at an 
n-simplex. 
Finally, we verify the third requirement in (iii). Let u and v be any two 
non-adjacent vertices such that c(v) # i, and either c(u) #i or d,(u, v) 2 3. 
Put r : = d&u, v) - 1 and s = 1. Then condition (ii) yields a vertex x with 
c(x) = i, which is adjacent to v and at distance d,(u, v) - 1 from u. 
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(iii) implies (iv). Let u and u be vertices in G with d,(u, u) = k 2 2, 
where either c(u) # c(u) or k 2 3. Let w be a neighbour of u at distance at 
most k to U. If c&(u, w)=k, we have either c(u)#c(u)#c(w) or ka3. 
Hence, by the third condition of (iii), there is a vertex t adjacent to w and 
at distance k - 1 to u such that c(t) = c(u). Next assume that 
d,(u, w) = k - 1. Let y be a neighbour of w at distance k - 2 to u (in par- 
ticular, y = u if k = 2). If c(y) # c(u), then there is a common neighbour t 
of w and y with c(t) = c(u) because each simplex of G extends to an 
n-simplex. Thus, for any k 2 2, we can find, by the first condition of (iii), 
a common member x of the pairwise in colour c(u) intersecting unit disks 
with centres w E N&U) n [Ark,(u) u Nap’] and the disk with centre u 
and radius k - 1. 
(iv) implies (i). First assume that the diameter of G is at least 3. 
Choose any vertex pair u, u at diameter distance. Then, according to (iv), 
there exists a vertex y with NG(u) E N,(y) and c(y) = c(u), whence we obtain 
a colour-preserving retraction from G to G - u. Since colour-preserving 
retractions preserve property (iv), G - u also satisfies (iv). From the initial 
induction hypothesis it follows that G - u is an absolute retract. Hence, if 
the diameter of G is greater than 2, every diametrical vertex is embeddable 
and the vertex-deleted subgraph is an absolute retract. Then Theorem 0 
yields that G is an absolute retract. 
Finally, assume that the diameter of G equals 2, and let u be a vertex of 
G having maximum degree among all vertices of G with colour c(u). If 
there is some vertex u$NJu) with c(u) # c(u), then u is at diametrical 
distance to u and hence, by (iv), it is an embeddable vertex of G, viz.: 
there exists a vertex y in G such that N&u) s N,(y). Since u E N,(y), this 
contradicts maximum degree of u. Hence u is adjacent to each vertex of G 
whose colour is different from u. Then G is an absolute retract by virtue of 
Theorem 0. 1 
Part (iv) of the preceding theorem can be tested in 0(p4) time, where p 
is the number of vertices of G. The analogous property in the bipartite case 
n = 2 is the interval condition of [Z, Theorem 4.21. Conditions (ii) and (iii) 
of Theorem 1 give rise to recognition procedures with higher complexity. 
Eliminating some redundancy in condition (iii) leads to an O(np4) algo- 
rithm, which checks the specific Helly properties (a), (p), and the convexity 
conditions (y), (6), (E) of the next theorem. 
THEOREM 2. A graph G with an n-colouring c: G + K,, (n 2 3) is an 
n-chromatic absolute retract if and only if G has the foIlowing five properties. 
(a) For each coiour i, any family of unit disks (centred at vertices) 
intersects in colour i whenever each pair of them does. 
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(fi) For each colour i and any three vertices u, v, w such that 
d,(v, w) = 2, do(u, w) = k, and k - 1~ do(u, v) <k, where k > 3, the two unit 
disks with centres v and w, and the disk with centre u and radius k - 1 inter- 
sect in colour i whenever each pair of them does. 
(y) For each colour i and any two adjacent vertices u and v with 
c(u) # i # c(v), there is a common neighbour x of u and v with c(x) = i. 
(6) For each colour i and any two vertices u and v with d,(u, v) = 2 
and c(u) # i # c(v), there is a common neighbour x of u and v with c(x) = i. 
(E) Zf n = 3, then for any two vertices u and v with d,(u, v) = 3 and 
c(u) = c(v), there exist two neighbours of v at distance 2 from u, having 
different colours. 
Proof. It is obvious that properties (cz-(E) are instances of part (iii) of 
Theorem 1. 
Conversely, assume that (B)-(E) hold. First observe that the following 
property can be derived from (6) and (E). 
([) For each colour i and any two vertices u and v with do(u, v) > 3 
and c(v) # i, there exists a neighbour x of v with c(x) = i on a shortest path 
from v to u. 
Indeed, let w and y be vertices on a shortest path from v to u such that 
d,(v, w) = 3 and d,(v, y)= 1. If c(v)#c(w), then, by (6), we can find a 
common neighbour t of w and y, where c(t) = c(v), and then obtain a 
common neighbour x of t and v, where c(x) = i. Therefore, assume that 
c(v) = c(w). If n = 3, then the assertion is immediate by (E). Otherwise, by 
(a), we may choose a common neighbour t of w and y such that c(t) # i, 
whence, again by (6), there exists a common neighbour x of t and v, where 
c(x) = i, as required. 
Next we verify the following extension of (/I). 
(11) For each colour i and any three vertices u, v, w such that 
c(v)#i#c(w), 1 <do(u, w)<2, d,(u, w)=k>3, and k- 1 <d&u, v)dk, 
there exists a common neighbour x of v and w with c(x) = i and d,(u, x) = 
k- 1. 
If d&u, w) = 2, then the existence of x follows from (LJ, (fi), (a), and also 
(y) if do(u, U) = k - 1. So we assume that Y and w are adjacent. We 
distinguish two cases. 
Case 1. d,(u, v) = k- 1. 
If k B 4 or n 2 4 or c(u) # c(w), then by ([) or (6) there exists a 
neighbour t of v on a shortest path from v to u such that c(t) # i, whence, 
by (6) there exists a common neighbour of t and w, which has colour i. 
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Since, by (y), the unit disks with centres I, u, w pairwise intersect in colour 
i, there is a common neighbour x of t, u, w such that c(x) = i by (a). 
If k = n = 3 and c(u) = c(w), then, by (y), there exists a common 
neighbour z of u and w such that c(z) = i. If d&u, z) = k - 1, then x : = z is 
the required vertex. Otherwise, using (E), one can find a neighbour y of w 
at distance 2 to U, where c(y) = i. For the colour c(w) and the triple U, y, 
z we may apply (/I), using ([) and (y), to obtain a common neighbour s of 
y and z such that c(s) = c(w) and d,(s, U) = 2. The vertices s and u have a 
common neighbour with colour i, by (6). Then, according to (M), we obtain 
a common neighbour r of s, U, u, where c(t) = i. The unit disks with centres 
s, t, U, y pairwise intersect in colour c(u) by virtue of (y) and (6). Hence 
by (cI), there exists a common neighbour Y of s, t, U, y. Now, the unit disks 
centred at r, u, w pairwise intersect in colour i, and thus (c() guarantees the 
existence of the desired vertex x with colour i. This concludes Case 1. 
Case 2. d&u, u) = k. 
By ([), there is a neighbour s of u with c(s) = i and d,(u, s) = k - 1. From 
the previous case we infer that there exists a common neighbour s’ of u and 
s such that c(s’) = c(w) and d&u, s’) = k - 1. According to (y) and (6), the 
unit disks with centres s’, V, w pairwise intersect in colour i. Hence from (a) 
we obtain a vertex s” adjacent to s’, u, w with ~(3”) = i. If d,(u, s”) = k - 1, 
then x : = s“ is the required vertex. Therefore, assume that d,(u, s”) = k. 
Then, in view of ([), the two unit disks centred at s’ and w and the disk 
with centre u and radius k - 1 pairwise intersect in colour i. Therefore, by 
(/I), we find a common neighbour t of s’ and UJ such that c(t) = i and 
d,(u, t) = k - 1. Next we wish to find a common neighbour r of s and t 
which has colour c(u) or c(w) and is at distance k - 2 to U. If k = 3, then 
(~1) together with (6) yield a common neighbour r of s, t, and U, where 
c(r) = c(u) or c(r) = c(w). If k 2 4, the unit disks with centres s and t and 
the disk with centre u and radius k - 2 pairwise intersect in colour c(s’), 
because of property (0. Hence, (p) yields a common neighbour r of s and 
t, at distance k - 2 to u such that c(r) = c(s’) = C(W). Now, the unit disks 
with centres u, W, r pairwise intersect in colour i, and so they intersect in 
a vertex x having colour i, as required in (r]). 
Our next aim is to deduce condition (iv) of Theorem 1 from properties 
(CI) through (q). Let u and u be any two vertices of G at distance k such 
that either ka 3 or k= 2 and c(u) #c(u). If k= 2, then (y), (6), and (a) 
yield a vertex XE NJu) with c(x) = c(u), adjacent to all neighbours w of u 
with d&u, w)<2. Thus, from now on, we may assume k> 3. 
Case 1. There exists a neighbour w of u at distance k to U. 
By property ([), there exists at least one neighbour of w which has 
colour c(u) and is at distance k - 1 to U. Among all such neighbours choose 
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one, say X, which has a maximum number of neighbours in common with 
v. Suppose, by way of contradiction, that there is a neighbour y of v with 
d&u, y) Q k such that y is not adjacent to x. Then, by (q), we obtain a 
common neighbour t of w and y satisfying c(t) = c(v) and d,Ju, t) = k - 1. 
Case 1.1. k= 3. 
Then x, t, and u are pairwise at distance 2. Let i be any colour different 
from c(u) and c(t) = c(x). Each pair from x, t, u has a common neighbour 
with colour i by property (6), and hence there is a common neighbour s of 
x, t, u with c(s) = i by (cY). Now, the unit disks centred at s, y, and all com- 
mon neighbours of v and x pairwise intersect in colour c(v), whence from 
(v.) we obtain a neighbour of w with distance k - 1 to ZJ and colour c(v), 
having more neighbours in common with v than x, contrary to the choice 
of x. 
Case 1.2. k > 4. 
Here property (r~) guarantees that there exists a common neighbour s of 
x and t, at distance k- 2 to U, where c(s) #c(u). Again the unit disks 
centred at s, y, and all common neighbours of v and x intersect in colour 
c(v), thus violating the maximality hypothesis for x. 
Therefore, x is adjacent to all neighbours of v at distance less or equal 
k to U, and condition (iv) of Theorem 1 holds. This settles Case 1. 
Case 2. There is no neighbour of v at distance k to u. 
Among all vertices of G with colour c(v) and at distance less or equal 
k - 1 to U, let x be a vertex having a maximum number of neighbours in 
common with v. Certainly, such a vertex exists because of (7). Since the 
case k = 3 and c(u) # c(v) is covered by properties (a) and (6), we may 
confine ourselves to two cases, where either k = 3 and c(u) = c(v), or k > 4. 
Suppose that x is not adjacent to some y E NG(v) n ZVz-1(~). 
Case 2.1. k = 3 and c(u) = c(v). 
Let i and j be two distinct colours, different from c(v). The unit disks 
with centres u and all neighbours w of v with d&u, w) = k - 1 and c(w) # i 
pairwise intersect in colour i by (6) and (y). Hence all these disks intersect 
in a vertex s, where c(s) = i. In a similar way we find a common neighbour 
s’ of u and all neighbours of v at distance k - 1 to u which do not have 
colour j. Necessarily, c(s’) =j. The unit disks centred at v and all common 
neighbours of s and v pairwise intersect in colour i by (y). We then find a 
neighbour I of v, coloured by i and adjacent to all common neighbours of 
s and v. Similarly, we have a vertex t’ with colour j and adjacent to v and 
all common neighbours of s’ and v. Then t and t’, being neighbours of v, 
must be at distance k - 1 to U. Necessarily, t is adjacent to s’, while t’ is 
582b153fl.2 
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adjacent to S, so that s and s’ are at distance 1 or 2 to all members of 
NG(u) n N:(u). Again, by (y) and (6), the unit disks with centres S, s’, and 
all vertices of NJ u) n N:(u) pairwise intersect in colour c(u) = c(u). Hence, 
by (tl), there exists a common neighbour of all these vertices, which has 
colour c(u) and distance at most 2 to U, thus yielding a contradiction. 
Case 2.2. k>4. 
Let w be a common neighbour of x and u (at distance k - 1 to u). Then, 
by (q), there exists a vertex t adjacent to w and y such that c(t) = c(u) and 
d&u, t) = k - 2. Recall that y is a neighbour of u but not of x, and x may 
be at distance k - 2 or k - 1 to U. First assume &(u, x) = k - 2 = 2. Then, 
as in Case 1.1, we first obtain a common neighbour s of x, t, U, and then 
conclude that there exists a vertex coloured by c(u) and adjacent to s, y, 
and all common neighbours of u and x. This, however, contradicts the 
maximality of x. 
Now assume d,(u, x) = k - 2 2 3 or &(u, x) = k - 12 3. As in Case 1.2 
we obtain a common neighbour s of x and t at distance d&u, x) - 1 to U, 
and finally arrive at a contradiction. 
We conclude that there exists a vertex x such that c(x) = c(u), and x is 
adjacent to all neighbours of u at distance k or k- 1 to U. Therefore condi- 
tion (iv) of Theorem 1 holds, completing the proof. 1 
None of the properties (IX) through (E) is dispensable in Theorem 2: 
Fig. 1 displays the five examples confirming this. 
FIG. 1. 3-chromatic graphs violating one condition of Theorem 2 each. 
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The next result entails an O(p”) recognition procedure for n-chromatic 
absolute retracts (with p vertices), similar to the one based on condition 
(iv) of Theorem 1, but avoiding some redundancies of the latter. 
THEOREM 3. A graph G with n-colouring c: G -+ K,, (n 2 3) is an 
n-chromatic absolute retract zf and only zf G satisfies condition (E) of 
Theorem 2 and has the following two properties. 
(a) For any two vertices u and v at distance 2 or 3 such that 
c(u) #c(v), there exists a neighbour x of u such that c(x) = c(v) and x is 
adjacent to all neighbours w of v with d&u, w) d 2. 
(b) For any four vertices u, v, w, z and k 3 3 such that v and w are 
neighbours of z, d,(v, w) = 2, and do(u, v) <k= d,(u, w) <d&u, z), there 
exists a common neighbour x of v and w at distance k - 1 from u (see Fig. 2). 
Proof It is obvious that conditions (a), (b), (E) are particular instances 
of part (ii) of Theorem 1. Equally, one can derive (a) from conditions (a), 
(y), (6) of Theorem 2, as well as (b) from (p) and (c). 
Conversely, assume that (a), (b), and (E) hold. We will show that condi- 
tions (a), (/I), (y), (6) of Theorem 2 are fulfilled. Let u, wi, . . . . w,- 1 (m > 3) 
be vertices of G such that the unit disks centred at them pairwise intersect 
in colour i. We may assume that none of these m vertices has colour i (for 
otherwise, such a vertex would be the one required in (a)). By an inductive 
argument, the vertices w i , . . . . w, ~ 1 have a common neighbour v, where 
c(v) = i. Hence (a) guarantees the required common neighbour of u and the 
w,‘s, thus proving (E). 
As to (y) and (6); first, suppose that there exist an edge uv and a colour 
i different from c(u) and c(v) such that u and v do not have a common 
neighbour with colour i. Choose such an edge uv and a vertex x with 
c(x) = i such that x is as close as possible to UV. Let d,(u, x) < d&v, x). If 
FIGURE 2 
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x is not adjacent to U, then the neighbour t of u on a shortest path from 
u to x does not have colour i, whence, by minimality, there is a common 
neighbour of t and u having colour i, thus conflicting with the choice of x. 
Hence d,(u, x) = 1 and d,(u, x) = 2. Then condition (a) provides a com- 
mon neighbour of u and u, with colour i, contrary to the initial hypothesis. 
Now, let u and v be two vertices at distance 2, where c(u) # i # C(D) for 
some colour i. Let w be a common neighbour of u and u. If c(w) # i, then 
there exists a common neighbour t of u and w with c(r) = i, by what has 
just been shown. If t is not adjacent to U, then property (a) immediately 
yields a common neighbour x of U, v, w, where c(x) = i. 
It remains to show (B). First we establish the following extension of (E). 
(E’) If n = 3, then for any two vertices u and u with d,(u, u) = 3 and 
any neighbour w of v with d,(u, w) = 2, there exists a common neighbour 
x of v and w with d,(u, X) = 2. 
To prove this, we distinguish two cases. 
Case 1. c(u) #c(v). 
By (6), we find a common neighbour t of u and w such that c(t) = c(u). 
Now, condition (y) yields a vertex s adjacent to u and w. Ifs is at distance 
2 to U, then Case 1 is settled. Otherwise, application of (a) to the vertex 
pair t, s gives a neighbour x of v, w, and t, as required. 
Case 2. c(u)=c(u). 
Say, c(u) = c(v) = 1 and c(w) = 2. From condition (E) we obtain a 
neighbour s of v at distance 2 from U, where c(s) = 3. Assume that s and 
w are not adjacent (for otherwise, Case 2 is settled). By (y), we find a 
common neighbour w’ of u and s such that c(w’) = 2. Then w’ and u are at 
distance 2 or 3. 
Case 2.1. d,(u, w’) = 3. 
From (b), cf. the second configuration shown in Fig. 2, we obtain a com- 
mon neighbour t of w and w’, where d,(u, t) = 2. Condition (a), applied to 
w and s, yields a vertex s’ which has colour 3 and is adjacent to w, w’, and 
u. If &(u, s’),= 2, then s’ is the required vertex. Therefore, assume that 
d,(u, s’) = 3. Again application of (a) to u and w’ yields a vertex r adjacent 
to t, s, and u such that c(r) = 2. Finally, applying (a) to the vertex pair r, 
s’,, we obtain the required vertex x adjacent to v and w. 
Case 2.2. d,(u, w’) = 2. 
Then, by (a) and (6), there is a vertex t adjacent to U, w, and w’ such 
that c(t) = 3. Then (a) applied to the vertex pair U, w’ yields a common 
neighbour r of t, s, and U, where c(r) = 2. Application of (a) to u, t yields 
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a vertex x adjacent to u, w, and Y. Hence x is at distance 2 to U, thus 
proving (E’). 
Note that the conclusion in (E’) is also true for n 24, where one may 
prescribe the colour of X. To see this, assume c(u) = 1, c(w) = 2, and 
d,(u, u) = 3. We wish to find a common neighbour x of u and w with 
c(x) = 3, say. Condition (6) yields a common neighbour t of w and u such 
that c(t) # 3. By (y), we can find a common neighbour s of u and w such 
that c(s) = 3. If d&u, s) = 2, then the assertion is immediate. Hence assume 
d&u, s) = 3. Then application of (a) to the vertex pair t, s yields a vertex 
x adjacent to u, w, and t such that c(x) = 3, as required. 
Note that (p) follows from the “coloured” version of (b), where one 
additionally requires that the vertex x has colour c(z). So, let U, u, w, z, and 
k be given as in (b). We have to check the three configurations in Fig. 2. 
First consider the first and third one, where &(u, u) = k. Let z’ be a com- 
mon neighbour of u and w at distance k - 1 to U. Assume c(Y) # c(z). With 
the help of the extended version of (E’) without restriction on n, we find 
two vertices u’ and w’ with colour c(z) and at distance k - 1 to u such that 
u’ is adjacent to u and z’, and w’ is adjacent to w and z’. By (6) we can find 
a common neighbour z” of u’ and w’ such that c(Y) # c(u). Now, apply (a) 
to the vertex pair U, z ” if k = 3, and otherwise, apply (b) to that pair. In 
either case this yields a neighbour y of u’ and w’ such that d,(u, y) = k - 2. 
Since c(y) # c(z), we can apply (a) to the vertices y and z. So we find a 
common neighbour x of u and w such that d,(u, x) = k - 1 and c(x) = c(z). 
Finally, consider the second configuration in Fig. 2, where d&u, u) = 
k - 1. Let z’ be a common neighbour of u and w such that dG( U, z’) = k - 1. 
Assume c(z’) # c(z). Furthermore, let w’ be a common neighbour of w and 
z’ such that c( w’) = c(z) and d,(u, w’) = k - 1; this vertex exists in view of 
the extended version of (E’). If k b 4, then, using (b) as above, we find a 
vertex y adjacent to u and w’, where d,(u, y) = k - 2. If k = 3 and 
c(u) # c(Y), then a common neighbour y of u, w’, and u exists by (a). 
Hence consider the case k = 3 and c(u) = c(z’). Now, (6) yields a common 
neighbour y of u and z’ such that c(y)#c(z). In any case, we can apply 
condition (a) to the vertices y and z and obtain the required vertex x with 
colour c(z). This completes the proof. m 
REDUCTION AND ELIMINATION SCHEMES 
Last but not least, we aim at a recognition algorithm which recursively 
operates on neighbourhood lists and dismantles the input graph vertex by 
vertex. To this end, we first characterize n-chromatic absolute retracts 
among dismantlable graphs. A graph G with more than n > 2 vertices is 
said to be dismantlabze to the complete graph K,, if and only if, for some 
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embeddable vertex z, the vertex-deleted subgraph G -z is dismantlable to 
K,; by convention, K, is dismantlable. Then, successively deleting 
embeddable vertices yields an elimination ordering of G. From Theorem 0 
we already know that every n-chromatic absolute retract G is dismantlable 
to K,. Also, every maximal m-coloured subgraph F of G, where 2 < m < n, 
is dismantlable to K,,,. In fact, for m > 3, such a subgraph F is isometric in 
G and hence, by Theorem 1 (ii), is an m-chromatic absolute retract; a 
maximal 2-coloured subgraph of G is not necessarily isometric in G, but 
still is an absolute retract, as will be seen next. Surprisingly, dismantlability 
of the maximal 2-coloured subgraphs plus a “local” condition suffice to 
characterize n-chromatic absolute retracts. 
THEOREM 4. A graph G with an n-colouring c: G + K,, (n 2 3) is an 
n-chromatic absolute retract tf and only tf all unit disks centred at edges of 
G are n-chromatic absolute retracts, and for any two distinct colours i and j, 
the induced subgraph Fii of G, consisting of all vertices having colour i or j, 
is a dismantlable graph. 
Proof Each unit disk considered in this proof is supposed to be centred 
at an edge. The unit disk centred at the edge uv is denoted by D(W). 
If G is an absolute retract, then, by the lemma, so are the disks centred 
at simplices. Let F, be the maximal 2-coloured subgraph of G coloured by 
i and j. By virtue of Theorem 0, Fii is connected. Then any isometric 
embedding of FV into a bipartite graph B (coloured by i and j, too) induces 
an isometric embedding of G into an n-chromatic graph H, which is 
obtained from G via an amalgamation of G and B along Fii. Since G is an 
n-chromatic absolute retract, Theorem 0 yields a colour-preserving retrac- 
tion g: H + G, which can be restricted to a retraction f : B + Fii. Hence Fii 
is a bipartite absolute retract. Since absolute retracts are dismantlable, Fi, 
is a dismantlable graph. 
Now we will prove the converse in a number of steps. First we show that 
Fii is connected for any two distinct colours i and j. Then we prove that Fii 
is a bipartite absolute retract and that all unit disks centred at edges are 
isometric in G. Finally, we check the conditions of Theorem 3. 
To begin with, suppose that Fii is disconnected. Let u and u be two ver- 
tices belonging to different components of F, such that d&u, v) is minimal 
among all such vertex pairs. Since G is connected, there exists a shortest 
path u, wl, w2, w3, . . . . u joining u and v in G. If d,(u, v) > 3, then, as the 
disk D(w, w2) is an n-chromatic absolute retract, there exists a common 
neighbour w of wi and w2 with c(w) = c(u), so that d&w, v) < d&u, v), con- 
trary to the choice of u and v. Therefore, do(u, v) = 2 must hold. Let w be 
a common neighbour of u and v. Now, the disk D(uw) contains all three 
vertices u, u, w and is an n-chromatic absolute retract. Hence, we find a 
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common neighbour of u and u in D(uw), having colour j, if c(u) = c(u) = i. 
Otherwise, if c(u) = i # j = c(v), there exists an edge U’U’ in D(uw) such that 
c(u’) = i, c(u’) = j, and U’ is a common neighbour of u and w, while u’ is a 
common neighbour of u and w. Either case contradicts the choice of u 
and V. We conclude that F. is connected. 
Now, we show that Fij is a bipartite absolute retract. Assume that Fii has 
more than two vertices. Let us prove that Fv satisfies the bipartite version 
of Theorem 6 below, established in [2]. Henceforth, the (second) 
neighbourhood in Fti of a vertex u of Fg is denoted by NV(u) (N;(u), 
respectively). 
Since F,. is dismantlable, there exist two vertices z and y of Fii such that 
N,(z) is contained in Nq(y). Let u be any common neighbour of z and v 
in Fi,. The disk D(uy) contains N,(z) and the vertices z and y. Then, as 
D(uy) is an n-chromatic absolute retract, there is a vertex t adjacent to y, 
z, and to all vertices in N,(z). Let XE N,( y) - N,(z). Then, each vertex 
WE N,(x) has the same colour as z. If d&w, z) = 2, then each vertex in 
N,(z) A N,(w) is adjacent to y and I. The disk D(x~) contains all vertices 
w E N,(x) n N;(z) and the vertex t, which are all pairwise at distance less 
or equal 2. Hence, we find a common neighbour s of all vertices in 
[N,(x) n N$(z)l u it> such that c(s) = c(x). Finally, consider the disk 
D(st), which contains z and all neighbours w of x at distance 2 to z. Since 
these vertices are pairwise also at distance 2 in the disk by the choice of s 
and t, there exists a vertex u E N,(z) with c(u) = c(x) such that u is adjacent 
to all vertices WE N,(x) with d&w, z) = 2. Now, in view of [2, 
Lemma 5.21, we only need to show that the vertex-deleted subgraph Fq - z 
is an absolute retract. By hypothesis, Fq - z is dismantlable, and so it either 
is a copy of K2 or contains two vertices z’ and y’ such that z’ is embeddable 
into y’ within Fij - z. Then repeating the above arguments eventually yields 
that F. is a bipartite absolute retract, by [2, Lemma 5.21. 
Our next aim is to show that every unit disk is isometric in G. First we 
verify that every induced 3-coloured 5-cycle of G is covered by some unit 
disk centred at an edge of G. 
Let t, U, u, w, x, t be an induced 3-coloured 5-cycle of G, where 
c(t) = C(V) = i and c(u) = c(w) =j. Note that 5-cycles with at least one chord 
are trivially contained in unit disks centred at edges. The disk D(xt) 
contains the vertices X, t, w, and is an n-chromatic absolute retract, whence 
there is a common neighbour s of x and t with c(s) =j. Furthermore, there 
is a common neighbour y of w, s, and x, where c(y) = i. If y and u or if s 
and u are adjacent vertices in G, then the disk D(yu) or D(su) contains the 
given 5-cycle. Therefore we may assume that s, t, U, u, w, y, s form an 
induced 6-cycle in G. This 6-cycle is coloured only by i and j, and thus 
belongs to a maximal 2-coloured subgraph Fti of G, which is a bipartite 
absolute retract. Hence there exists a vertex z in Fif such that c(z) =j and 
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z is a neighbour of t, v, and y. The disk D(yz) contains the vertices s, t, 
v, w, x, y, and z. The vertices t, u, w, y, and z are coloured by i or j, and 
any two of them are at distance less or equal 2 in the n-chromatic absolute 
retract D(yz). Hence we find a common neighbour Y of t, v, w, y, and z, 
where C(T) = c(x). Now, the disk D(tr) contains all the vertices of the given 
5-cycle. Therefore, every 3-coloured 5-cycle of G is covered by some unit 
disk centred at an edge. 
Next we show that every induced 5-cycle of G with more than 3 colours 
is covered by some unit disk centred at an edge of G. Let t, u, u, w, x, t 
be an induced 4-coloured 5-cycle of G, where c(x) = c(u). Then there exists 
a common neighbour s of x, U, t with c(s) = c(v). The 5-cycle s, U, v, w, x, 
s has only 3 colours, whence it is contained in a unit disk which is an 
n-chromatic absolute retract. Thus we find a common neighbour z of 
s, U, v, w, and x, where c(z) = c(t). Obviously, the disk D(zs) contains all 
vertices U, u, w, x, t. Finally, assume that all vertices of the 5-cycle t, U, u, 
w, x, t have different colours. Again the preceding argument yields a 
common neighbour s of x, U, and t with c(s) = c(v). Furthermore, we 
obtain a common neighbour z of the 4-coloured cycle s, U, v, w, x, s such 
that c(z)= c(t). Again, the disk D(zs) contains the given 5-cycle. We 
conclude that every 5-cycle of G is covered by some unit disk centred at an 
edge. 
As to isometry, assume that, for some edge uv of G, two vertices t, w of 
the disk D(uv) have a common neighbour x in G, but not in D(uu). Then 
neither u nor v is adjacent to both t and w, and so t, U, v, w, x form a 
5-cycle and are thus contained in a unit disk. As this disk is an n-chromatic 
absolute retract, we obtain a common neighbour of t, w, and either u or v, 
as required. Hence, each unit disk is isometric in G. 
Now we want to check the conditions of Theorem 3. First we verify 
property (a). 
Let u and v be two differently coloured vertices of G at distance 2 or 3. 
If &(a, v) = 2, then the disk D(vt), where t is a common neighbour of u 
and v, contains all neighbours w of u with d&u, w) < 2. Since the disk is 
isometric in G and also contains the vertex U, we can find a neighbour x 
of u in D(vt) such that c(x) = c(v) and x is adjacent to all neighbours w of 
v with &(a, w) 6 2. 
Now assume &(a, v) = 3. Let 1 be the number of neighbours of v which 
are at distance 2 to u in G. Say, c(u) = 1 and C(V) = n. Then one can parti- 
tion the set of neighbours of v at distance 2 to u into n - 1 distinct subsets 
such that there are I, > 0 vertices wi, wl, . . . . wI, all having colour 1, and 
Ii>0 vertices w~,+~~+...+,,-,+~ ,..., w~~+~~+...+,, coloured by i, where 
2 6 i 6 n - 1 and C;:: Ii = 1. For each wj, 1 <j< I, there exists a vertex 
with colour n adjacent to wi and u because unit disks are n-chromatic 
absolute retracts. Moreover, Zi 3 1 for each i < n - 1. Since every maximal 
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2-coloured subgraph is a bipartite absolute retract, there is a common 
neighbour y of u and of all vertices w,, . . . . wI, such that c(y) = c(v) = n and 
y has a maximum number of neighbours in common with v. Then, for each 
1 < i 6 n - 1, there is at least one vertex, say w,, + + ,,, of colour i, adjacent 
to y, v, and to all common neighbours of u and y not coloured by i. This 
is so because the disk D(yw,) contains all these vertices pairwise at 
distance at most 2. Assume there is a colour 1 <j < n such that v has at 
least one neighbour with colour j, not adjacent to y and at distance 2 to U. The 
n-chromatic absolute retract D(uy) yields a common neighbour t of u and 
all neighbours of u at distance 2 to v which have colour c(v) = n, such that 
c(t) = j. Now, we find a vertex z in the bipartite absolute retract Fi,, such 
that z is adjacent to t and all vertices WE NG(o) n N;(u) with colour 
c(w) = j. The n-chromatic absolute retract D(zw,, + + /,) includes 
NG(v) n [N,(y) u N,(z)] and the common neighbour t of y and z. 
Hence there is a common neighbour z’ of t and all vertices in 
NG(v) n [N,(y) u NJz)] such that c(z’) = IZ. Then the n-chromatic 
absolute retract D(tz’) includes NG(v) n N;(u) n [N,(y) u N&z)] and the 
vertex U. Hence these vertices have a common neighbour y’, where 
c( y’) = n. This contradicts the maximality assumption on y because y’ is 
adjacent to each vertex in N,Jv) n N:(u) having colour j. Therefore, y is 
adjacent to all neighbours of u at distance 2 to U, so that x : = y is the 
required vertex. This establishes condition (a) of Theorem 3. 
To check condition (E), assume that n = 3. Let u and v be two vertices 
in the 3-coloured graph G such that d,(u, v) = 3 and c(u) = c(v). Let st be 
any edge of G such that su and tv are edges of G. Now, the vertex pair u, 
v satisfies condition (E) in the 3-chromatic absolute retract D(a), and hence 
in G as well. 
Recall from the proof of Theorem 3 that (a) implies (6), and that (6) and 
(E) imply (i). Condition (0 also follows directly from the fact that unit 
disks are absolute retracts. So, we will use ([) whenever convenient. 
Finally, we verify property (b) of Theorem 3. First we assert that the dis- 
tance between any two vertices x and y in the bipartite subgraph F, can 
only exceed their distance in G by 1. Indeed, let x, w,, w2, . . . . MI,-, , y be a 
shortest path in G, where c(x) = i and I> 2. We use induction on I. If E = 2, 
then the unit disk centred at w, contains an x and y connecting path from 
Fii of length less than or equal to 3. Otherwise, the disk D(w, w2) contains 
a shortest path x, w;, w;, w3 such that c(w;) = j. In view of the induction 
hypothesis, this concludes the proof of the assertion. In what follows we 
denote the distance between two vertices x and y of Fv briefly by d,(x, y). 
Now, let U, v, w, z be any four vertices, where v and w are neighbours 
of z such that 
ddu, w) = 2 <k - 1 < &Au, u) d d,(u, w) = k < d,(u, z). 
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First we assume that only two colours occur among the four vertices u, u, 
w, z and then we prove the case where at least three different colours are 
involved. We have to show that in each of the three configurations of Fig. 2 
there exists a common neighbour x of u and w with d&u, x) = k - 1. We 
will actually establish the “coloured” version of (b), so that in each case we 
produce the required vertex x with colour c(z). 
Case 1. U, u, w, z form a 2-coloured set. 
Assume that c(z) = 1 and c(u) = c(w) = 2. 
Case 1.1. d&u, u) = k- 1 and d,(u, z) = k. 
First, assume that either c(u) = 1 and k is odd or c(u) = 2 and k is even. 
For either alternative we have d,,(u, z) = k + 1 and d,,(u, u) = k. Since F,, 
is a bipartite absolute retract, we can find a vertex x adjacent to u and w 
such that c(x) = 1 and d,Ju, x) = k - 1. If the vertices u and x have the 
same colour, then k - 1 is even. Otherwise, k - 1 must be an odd number. 
Hence for either parity, we obtain d,,(u, x) = d,(u, x) = k - 1, as required. 
Second, assume that either c(u) = 1 and k is even or c(u) = 2 and k is 
odd. For either alternative we have d&u, z) = k and d,,(u, w) = k + 1. 
Then, by (i), we can find a neighbour y of w such that d,(u, y) = k - 1 and 
c(y) = 1, whence di2(u, y) = k. As F,* is a bipartite absolute retract, there 
is a vertex w’ in F,,, which is adjacent to z and y, coloured by c(w) = 2, 
and at distance k - 1 to u in both G and F12. For the same reason, there 
is a vertex z’ adjacent to u and w’ with colour c(z’) = c(z) = 1, at distance 
k - 2 to u in both G and F,,. 
Now we proceed by induction on k. If k = 3, then the vertices U, z’, w’, 
y belong to the disk D(z’w’), which is isometric in G and is an n-chromatic 
absolute retract. Hence there exists a common neighbour t of the vertices 
U, z’, w’, y such that c(t) = 3. Now, the absolute retract D(zw’) contains the 
vertices u, w, and t, pairwise at distance at most 2. Thus there exists a com- 
mon neighbour x of u, w, t, which is at distance 2 to u and has colour 
c(x) = c(z) = 1, as required. If k B 4, then we find, by the induction 
hypothesis, a common neighbour t of z’ and y such that c(t) = c(w’) and 
d&u, t) = k - 2. The vertices u, w, w’, and t, which all have colour 2, are 
pairwise at distance 2 in the bipartite absolute retract F,,. Hence they have 
a common neighbour x such that c(x) = 1 and d&u, x) = k - 1. 
Case 1.2. d&u, u) = d,(u, z) = k. 
By (c), there exists a neighbour t of w, at distance k - 12 2 to u in G 
such that c(t) = 1. By applying Case 1.1 twice, we obtain vertices y and t’ 
such that c(y) = 2, d,(u, y) = k- 1, and y is adjacent to z and t, while 
c(f) = 1, d,(u, t’) = k - 1, and t’ is adjacent to u and y. 
Now we proceed by induction on k. If k = 3, then t, y, t’ are at distance 
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2 to u in G. For any common neighbour y’ of y and u, the disk D(yy’), 
which is isometric in G and an n-chromatic absolute retract, contains the 
vertices y, U, t, and t’ pairwise at distance less or equal 2. Hence, there is 
a common neighbour s of y, U, t, and t’ such that c(s) = 3. The disk D(zy) 
contains the vertices o, w, and s pairwise at distance 2. Since none of them 
has colour 1, we obtain a common neighbour x of u, w, and s such that 
c(x) = 1 and d&u, x) = k - 1. If k>4, then we find, by the induction 
hypothesis, a common neighbour s of t and t’ such that d,(u, s) = k - 2 and 
c(s) = c(y) = 2. The vertices u, w, and s are pairwise at distance 2 and have 
the same colour, whence they are also pairwise at distance 2 in I;,,. Since 
F,, is a bipartite absolute retract, these three vertices have a common 
neighbour x at distance k - 1 to u in G with c(x) = 1. 
Case 1.3. d,(u, u) = k and d,(u, z) = k + 1. 
First, assume that either c(u) = 1 and k is odd or c(u) = 2 and k is even. 
Then the distances between u and u, z, or w in F,, are the same as in G. 
So, we can find a common neighbour x of u and w at distance k - 1 to U, 
because F,, is a bipartite absolute retract. 
Second, assume that either c(u) = 1 and k is even or c(u) = 2 and k is 
odd. Then we have d,,(u, z) = k + 2 and d,,(u, u) = d,,(u, w) = k + 1. Thus, 
there is a vertex z’ in F,, adjacent to u and w such that d,,(u, z’) = k. This 
implies k - 1 < d,(u, z’) < k. If d&u, z’) = k - 1, then x : = z’ is the required 
neighbour. Otherwise, applying Case 1.2 to u, u, w, z’ yields the desired 
vertex x. This settles Case 1. 
Case 2. c(u) = c(w) and c(w) # c(u) # c(z). 
From (6) we obtain a common neighbour z’ of u and w with c(z’) = c(u). 
If d,(u, z’) = k - 1, then put y : = z’, and otherwise, Case 1 yields a com- 
mon neighbour y of o and w such that &(u, y) = k - 1 and c(v) = c(u). By 
virtue of (6) or ([), there exists a neighbour s of y such that d&u, s) = k - 2 
and c(s)=c(w). Then from (a), applied to the pair s, z, we obtain a com- 
mon neighbour x of u and w at distance k - 1 to u such that c(x) = c(z). 
Case 3. c(v)#c(w) and k=3. 
Case 3.1. d,(u, u) = 2 and hence d,(u, z) = 3. 
First, assume that c(u) = c(z). By (l), there is a neighbour t of w at 
distance 2 to u such that c(t) = c(z). Since D(zw) is an absolute retract, 
there exists a common neighbour s of z, w, and t such that c(s) = c(u). We 
find a common neighbour s’ of u, z, and s such that c(s’)= c(w) and 
d,(u, s’) < 3. If d,(u, s) = 2, then application of (a) to U, s’ yields a common 
neighbour y of u, s, and U. Now, the disk D(ys) contains U, u, w, and it is 
an absolute retract, whence it contains the required vertex x with colour 
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c(z). If &(a, s) = 3, we can find by Case 1.1 a common neighbour y of v 
and s such that c(y) = c(z) and d&u, y) = 2. Applying (a) to the vertex pair 
U, s we obtain a common neighbour t’ of t, y, and U, such that c(t’) = 
c(s) = c(v). As the absolute retract D(ys) contains the vertices v, w, and t’, 
there exists a common neighbour x of v, w, and t’ such that c(x) = c(z) and 
d,(u, x) = 2. 
Second, assume that c(u) # c(z). Again, let t be a neighbour of w at 
distance 2 to u such that c(t) = c(z). Then, by Case 1 or 2, there is a com- 
mon neighbour s adjacent to z and t, where &(a, s) = 2 and c(s) = c(w). 
Now we apply condition (a) to the vertex pair U, z and obtain a common 
neighbour y of v, s, and u with c(v) = c(z). Then the vertices t, y, and u 
have a common neighbour t’ in D( ys) with c( t’) # c(z). A final application 
of condition (a) to the vertices u’ and y yields a vertex x adjacent to v, w, 
and t’ such that c(x) = c(y) = c(z) and d,(u, x) = 2. 
Case 3.2. d&u, v) = d,(u, z) = 3. 
Without loss of generality we may assume that c(u) # c(w). According to 
(l) choose a neighbour t of w at distance 2 to u with c(t) # c(z). By 
Case 3.1 we find vertices y and t’ such that y is adjacent to t and z satis- 
fying d,(u, y) = 2 and c(y) = c(w), and t’ is adjacent to v and y with 
d&u, t’) = 2. Since c(u) #c(w) = c(y) we can apply condition (a) to the 
vertex pair y, U, and obtain a common neighbour s of U, t, and t’ with 
colour c(w). Again applying (a) to z and s yields a common neighbour x 
of v, MJ, and s with colour c(z), where d&u, x) = 2. 
Case 3.3. &(u, v) = 3 and &(a, z) = 4. 
Without loss of generality we may assume that c(u) #c(v). By (0, there 
exists a neighbour t of w at distance 2 to U, where c(t) = c(z). Since unit 
disks are absolute retracts, there is a common neighbour y of z, w, and t, 
necessarily at distance 3 to U, such that c(y) = c(v). From Case 1 or 2 we 
infer that there exists a common neighbour t’ of u and y such that 
&(a, t’) = 2. Now, we can apply condition (a) to the vertices u and y, and 
thus obtain a vertex s adjacent to t, t’, and U, where c(s) = c(y). In the 
absolute retract D(t’y) the vertices v, w, and s have a common neighbour 
x such that &(a, x)=2 and c(x)=c(z). This settles Case 3. 
Case 4. c(v)#c(w) and k>4. 
Case 4.1. &(~,v)=k-1 and d,(u,z)=k. 
According to (0, let u’ be a neighbour of v at distance k - 2 to u such 
that c(u’) = c(z). As unit disks are absolute retracts, there exists a vertex z’ 
adjacent to u, v’, and z with c(z’) = c(w). Hence, by Case 1 or 2, we find a 
common neighbour w’ of z’ and w such that c(w’) = c(z) and d&u, w’) = 
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k - 1. By Case 1 or 2 again, there exists a neighbour y of u’ and w’ at distance 
k - 2 to U. The disk D(z’w’) contains the vertices v, w, and y, none of which 
has colour c(z). Therefore, these three vertices have a common neighbour 
x at distance k - 1 to u such that c(x) = c(z). 
Case 4.2. d,(u, v) = d&u, z) = k. 
Again, let u’ be a neighbour of u at distance k - 1 to u with ~(0’) = c(z). 
Then, by Case 1 or 2, we find a neighbour z’ of u’ and z with c(z’) = c(v) 
and d,(u, z’) = k - 1. Case 4.1 then yields a neighbour w’ of z’ and w 
such that c(w’) = c(z) and d&u, w’) = k - 1. From Case 1 or 2 we get a 
neighbour y of Y’ and w’ such that d&u, y) = k - 2 and c(y) # c(z)- Now, 
condition (a) applied to y and z yields a common neighbour x of u and w 
with colour c(z) and at distance k- 1 to u. 
Case 4.3. d,(u, u)= k and d,(u, 2) = k+ 1. 
As in Case 3.3, we find a neighbour t of w, where c(t) = c(z) and 
d,(u, t) = k - 1, and then a common neighbour y of z, w, and t with 
c(y) = c(u). Hence, we obtain a vertex t’ adjacent to v and y at distance 
k - 1 to u such that c( t’) = c(z). Then, by Case 1 or 2, we find a common 
neighbour s of t and t’ such that c(s) = c(y) and d&u, s) = k - 2. Now, we 
can apply condition (a) to the vertices s and z: this provides us with a 
vertex x adjacent to u and w and at distance k - 1 to U, where c(x) = c(z). 
Therefore, condition (b) is also fulfilled, and so, by Theorem 3, we 
conclude that G is an n-chromatic absolute retract. 1 
For n = 2 the above theorem is not true, as the 3-cube minus a vertex 
shows: each unit disk centred at an edge is a (bipartite) absolute retract; 
furthermore, the whole graph is dismantlable, but it is not a bipartite 
absolute retract (cf. [ 1,2]). 
Theorem 4 is in a way best possible. Namely, a dismantlable graph need 
not be an absolute retract even if all unit disks centred at vertices are 
absolute retracts, see the graph of Fig. 1 violating (8). On the other hand, 
there exist non-dismantlable graphs, in which every unit disk centred at a 
simplex is isometric and an absolute retract. 
In connection with the previous theorem it is of interest whether one can 
simplify the recognition test of absolute retracts for a graph which is 
covered by a unit disk (i. e., has a central edge). This is accomplished by 
the following proposition. The subsequent Theorem 5 confirms that condi- 
tion (b) of Theorem 3 can be substituted by dismantlability, thus paving 
the way to the desired vertex elimination scheme, recorded in Theorem 6. 
PROPOSITION. Let G be a graph with an n-colouring c: G -+ K,, (n> 3). 
Assume that there exists an edge st in G such that every vertex u of G is 
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adjacent to s or t. Then G is an absolute retract if and only if G satisfies 
conditions (E) and (a) of Theorems 2 and 3, respectively. 
Proof In view of Theorem 3, we only need to show that condition (b) 
is redundant under the assumption on G. Let us check the three instances 
of (b) as indicated in Fig. 2. The first configuration involves a vertex pair 
at distance 4, which is impossible here. So, let v and w be adjacent to z such 
that d,(v, w) = 2 and d,(u, w) = d,(u, z) = 3. Then u is adjacent to s, say, 
while w and z are adjacent to t. If v is also adjacent to t, then x : = t is the 
required vertex. So we may assume that v is adjacent to s but not to t. If 
c(z) # c(s), then we obtain a common neighbour of s, v, w by condition (a). 
Therefore, c(s) =c(z) = 1, c(t) = 2, and c(w) = 3, say. If c(v) #2, then, by 
applying (a) to the pair v, t, we obtain a common neighbour x of s, v, w, 
z. Hence assume that c(v) = 2. Recall from the proof of Theorem 3 that 
condition (6) can be derived from (a). If c(u) # 3, then applying first (6) to 
u, t and i = 3, and then (a) to u and the new common neighbour of v and 
t yields a common neighbour s’ of t, U, u having colour 3. Similarly, if 
c(u) = 3 and n 2 4, then we find such a neighbour with colour 4. Applica- 
tion of condition (a) to the pair s’, z yields the required vertex x adjacent 
to u, w, and s’. Therefore, we can assume that c(u)= 3 and n = 3. Now, 
condition (E) provides us with a neighbour y of w such that d&u, y) = 2 
and c(y) = 1. Then, as c(s) = 1, y is adjacent to t by the assumption on G. 
By (a) applied to U, t, we obtain a common neighbour r of s, U, y with 
colour 2. Again by (a), now applied to the pair r, z, we obtain a common 
neighbour x of r, v, w (and t). This concludes the proof. 1 
THEOREM 5. A graph G with an n-colouring c: G + K,, (n 2 3) is an 
n-chromatic absolute retract if and only if G is dismantlable and satisfies 
conditions (a) and (E). 
Proof: Necessity is clear. To prove sufficiency, we will first check that 
every unit disk centred at an edge st is isometric in G and also satisfies (a) 
and (E). Let u and v be two vertices at distance 3 in the disk D(st), so that 
u is a neighbour of s. Suppose there is a common neighbour y of u and u 
in G. Then either c(y) # c(s) or c(y) # c(t); say, the former holds. An 
application of (a) to the pair s, y yields a common neighbour y’of s, U, v. 
This contradicts the choice of u and v in D(st), whence D(st) must be 
isometric in G. 
In order to prove (a), let u and u be non-adjacent vertices in the disk 
D(st) such that c(u)#c(v). Then, as 26d,(u, u)< 3 and G satisfies (a), 
there exists a neighbour x of u in G such that x has the same colour as v 
and is adjacent to all neighbours w of v with d&u, w) < 2. Since both s and 
t have distance less than 3 to u and u, the vertex x necessarily lies in D(st). 
Next we verify (E). Let u and v be two vertices in D(st) at distance 3, so 
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that u is adjacent to s. Assume that c(u) = c(u) = 1, c(s) = 2, and 
c(t) = 3 = n. We wish to find a common neighbour x of u and t at distance 
2 to U. Suppose we had a common neighbour y of s and u with d&u, v) = 2. 
Then, by (a) applied to u, s, we would obtain a common neighbour x of 
u, t, and y (thence d,(u, x) = 2). So, whenever necessary, we may inter- 
change the role of ZJ and u. Furthermore, recall from the proof of 
Theorem 3 that (a) implies (a), (y), and (6). Now we proceed by induction 
on the number of vertices of G. Pick any embeddable vertex z of G. If z is 
different from s, t, U, u, then o(st) -z satisfies (E) by the induction 
hypothesis, whence o(st) fulfills (E) as well. Therefore, without loss of 
generality, we may assume that z equals s or u. If s is embeddable into 
some vertex s’, then there exists the desired vertex x in the disk o(s’t), by 
the induction hypothesis. So we may assume that u is embeddable into 
some vertex u’. Since G satisfies (E), we can choose a neighbour w of u (and 
u’) such that c(w) = 2 and d,(u, w) = 2. Suppose that w is not adjacent to t. 
Case 1. d,(u, u’)=2. 
Then, by virtue of (y), (6), and (tl), we obtain a common neighbour r of 
U, w, and u’. Now, there is a common neighbour y of t, u (and u’) by (y). 
Then c(r) = 3, c(y) = 2, and d&r, y) < 2. If r and y are adjacent, then 
x : = y is the required vertex. Otherwise, we can apply (a) to the pair r, y, 
and obtain a common neighbour x of r, t, u (and u’). This settles Case 1. 
Case 2. d,(u, u’) = 3. 
There is a common neighbour y of t and u’ with d,(u, y) = 2, by virtue 
of the induction hypothesis. From (6) and (LX) we infer the existence of a 
common neighbour r of U, w, and y. Now we can apply (a) to the pair t, 
w. This yields a common neighbour x of t, r, u (and u’). Necessarily, 
c(x) = 2 and d,(u, x) = 2. This completes the induction. 
We conclude that each unit disk o(st) satisfies both (a) and (E), and 
therefore is an absolute retract by the proposition. Finally, the following 
simple inductive argument shows that every maximal 2-coloured subgraph 
Fii in G is dismantlable. Pick any vertex z of G which is embeddable into 
some vertex y. Let w be a common neighbour of z and y. Then the unit 
disk D(wz) contains all neighbours of z, as well as the vertices z and y. 
Since D(wz) is an absolute retract, z belongs to an n-simplex, and so we 
must have c(z) = c(y). If z does not belong to F,, then Fg (being a maxi- 
mal 2-coloured subgraph of the absolute retract G - z, too) is dismantlable 
by an induction hypothesis. Otherwise, z is also an embeddable vertex of 
Fu, whence Fii is dismantlable by the induction hypothesis. We conclude 
that G is an absolute retract, by Theorem 4. d 
Dismantlable graphs with p vertices can be recognized in 0(p4) time 
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because every embeddable vertex of a dismantlable graph can start an 
elimination ordering. Thence, the complexity of testing the conditions in 
the preceding result is 0(p”). Since both (a) and (E) are conditions 
involving only subgraphs of small diameter, it is natural to verify them suc- 
cessively during the dismantling process. This is achieved in the concluding 
theorem. The complexity of the resulting elimination procedure is again 
cO(p”), the same as in the bipartite case (see [2, Lemma 5.21). 
THEOREM 6. Let G be a graph with n-colouring c: G + K, (n 2 3) such 
that G has at least n + 1 vertices. Then G is an n-chromatic absolute retract 
$ and only if there exist two distinct vertices y and z of G with c(y) = c(z) 
and No(z) E NJ y) such that the following three conditions hold. 
(1) G - z is an n-chromatic absolute retract. 
(2) For each vertex XE N,(y) - No(z) there is some vertex VE No(z) 
with c(v) = c(x) which is adjacent to all vertices WE {z} u N,(x) with 
d,(w, z) 6 2. 
(3) If n = 3, then for each uertex u such that c(u)= c(z) and 
d,(u, z) = 3, there exist two vertices p, qE No(z) with c(p) # c(q) and 
&(p, u) = d,(q, u) = 2. 
Proof: Let G be an absolute retract. Choose a vertex pair U, z for which 
d&u, z) equals the diameter of G. Now, if the diameter is 2 and c(u) = c(z), 
then either NG(z) c N&U) or there exists a neighbour z’ of z at distance 2 
to U, so that we substitute z by the diametrical vertex z’, where c(z’) # c(u). 
In any other case, we can apply (a) or (iv) to the pair U, z, and thus obtain 
a vertex y such that N,(z) s NJ y) and c(y) = c(z). Since every retract of 
an absolute retract is itself an absolute retract, we infer that G-z is an 
n-chromatic absolute retract. Condition (2) is immediate from (a), while 
(3) is an instance of (E). 
Conversely, assume that G satisfies the conditions of Theorem 6. We 
claim that G satisfies the requirements of Theorem 5. Certainly, by virtue 
of (1 ), G is dismantlable. As to (E), let u and v be vertices at distance 3 such 
that c(u) = c(u). Since G-z satisfies (E), we may assume that z is one of 
u, v. Then (3) provides the required two neighbours of u or v. 
Finally, we check (a). Consider any two differently coloured vertices u 
and v of G at distance 2 or 3. Since G-z is an absolute retract we may 
assume that z is one of U, v. First assume v = z. If y is adjacent to U, then 
x : = y is the required vertex for u and IJ in (a). Otherwise, there exists a 
vertex x adjacent to u which satisfies (a) with respect to u and y, because 
G - z is an n-chromatic absolute retract. Then, of course, x is also adjacent 
to all vertices in NG(z) which are at distance less or equal 2 to U. Second, 
assume u = z. Then d,( y, v) < 3, and so there exists a vertex s adjacent to 
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y such that c(s) = c(u) and s is adjacent to all neighbours of u at distance 
less or equal 2 to y. Hence, s is also a neighbour of all vertices w E NG(u) 
with d&w, z) < 2. Ifs is not adjacent to z, then condition (2) yields a vertex 
x E N&Z) with c(x) = c(s) such that x is adjacent to all vertices w E N&S) 
with d&w, z) < 2. We conclude that condition (a) is satisfied. From 
Theorem 5 we infer that G is an n-chromatic absolute retract. 1 
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